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The reachable of a bilinear controllable system, in which the range of allowed control values is a convex polyhedron, is examined.
Sufficient conditions of convexity of the reachable set, which enable the maximum principle to be used in the standard form are
found. © 2003 Elsevier Ltd. All rights reserved.

The geometry of the reachable set of non-linear controllable systems has still not been sufficiently
investigated. The analysis of the reachable set of controllable systems usually confines itself to
determining the sufficient conditions for its compactness [1]; in [2] the reachable set of controllable
systems was analysed only during short periods of time; in [3] the sufficient condition of the so-called
A convexity of the reachable set of controllable systems is founded; while some problems linked to the
geometry of the reachable set of bilinear systems were considered in [4, 5].

Below we establish sufficient conditions for which the reachable set of a bilinear controllable system
is convex. These conditions can be applied directly, unlike the results previously obtained, enabling us
to use the maximum principle in standard form to analyse bilinear controllable systems effectively.

We will consider the problem of the optimum speed of response with fixed ends for a smooth
controllable system

i=f(x,u), xeM, u(-)ed (1)

where M is a smooth C” manifold regularly embedded in R”, U is a convex compact polyhedron in R”,
and 9 is the range of allowed controls consisting of all restricted measurable functions of time ¢ taking
values in U.

Let F(u) be the point of phase space to which the controllable system (1), transfer from the initial
point xg in the time T under the influence of the allowed control u(-) € %. We will call the set

F(®) = {F(u),u(-)e D}

the reachable set F(9) of the controllable system (1) from the point x, in time T.
We will call
IF (u) i F(u+en) F(u)
el e ——

£—>0

the derivative F(u) with respect to the directionn(-) € 9.
The mapping

fINo>M

of the smooth (finite-dimensional or infinite-dimensional) manifold N onto the finite dimensional mani-
fold M is called the mapping of constant rank if the rank of the differential (tangential mapping)

af (x) .

S TN TyM

is independent of x € N.
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666 M. V. Topunov

System (1) is called a controllable system of a constant rank if for any point x, and for any T the rank
of the mapping

u(-) = F(u)

is independent of u(-) € @ (however it can depend on x; and 7).
We will consider the bilinear controllable system

= (A+ ZBiu‘.)x, xeR", u()=(uy...,u,)eD (2)

i=1

as a special case of system (1), where 4 and B; (i = 1, ... , m) are square matrices of the nth order.
The sufficient conditions of constancy of the rank (relay conditions) for bilinear system (2) have the
form [6]

[B,ad“AB;] = 2 Za”"ad“ABB, ij=1,..,m k=01,.. 3)
a=0p=1
where
ad’AB = B, adAB = [A,B] = AB-BA
ad**'AB = [A, ad*AB], k =1,2,...

We will assume that system (2) satisfies the relay conditions (3), i.e. it is a system of constant rank.

Consequently, the plan
I(u) = spanR{aF(u)v v(-) € }

which is an image of the differential

dF(u)
Jdu

is independent of the control u(-) € 9, i.e. () =1I1.
Below we will denote the matrizant (the fundamental matrix) of the system

dX/dt = P(1)X

: T,D > Tp, R

by Q4(P).
Then [6, 7]
Q:)(A) = eA', A = const 4
Qy(A + B) = Qp(A)QH(AdQG(A)B)
IQY(A,) L A, (6 5
gu = Qi(A,) jAng(Au)—J;—)ndO ©)
where

AdAB = A™'BA

and the matrix function 4,(¢) depends smoothly on the parameter u.
We have

F(u) = Qj(A+Bu)xy, B =(B,...B,), u(-)eD (6)

Theorem. The reachable set in a time T for a bilinear controllable system of constant rank (2) is convex,
if a vector-function p(*) € % and a number A > 0 are founded for any vector-functions u('), v(-) € D
such that
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T
Ql(AdQY (e Bu)e 4 B(v-u))-E = A | AdQY (4 Bu)e 4B (1 - u)do )
0

where E is the identity matrix.

Proof. Let K be the non-empty set of the Banach space X. We recall (see [8, 9]) that a set of points
v is called the Clarke tangent cone TK(x) to the set K at the point x, that for any sequence of real numbers
{t},t; > 0,t; > 0 (i > ) and for any sequence {x;}, x; € X, x; > x (i > ) a sequence exists {v;},
v; € X, v; = v (I — o) such that
x;+L,0,€ K
We will use the following convexity criterion [10] to investigate the convexity of the reachable set for
bilinear system (2): the closed set K with a non-empty domain in R” is convex if and only if

KcTK(x), Vxe K
where TK(x) = x + TK(x); in addition K = N, TK@)
The Clarke tangential cone to the set F(%) at the point F(i) can be represented [10] in the form

Tr@)Fw) = LW7a)
since the mapping
u(-) = F(u)

according to our assumptions, is a mapping of constant rank.
Note that since % is a convex set, then

DcTDm), Vu(-)e D
In particular, since
Ve D TD(u) = u+TD(u)
then
v-ue TDwu), Yo()eD
and, accordingly, also
AMv-u)e TD(u), VA0

We will introduce the following notation
0, = ¢ By, Qf = QJ(E))
Then, using Eqs (4) and (5) we have
Qi(A+Bu) = QI (Ade®*Bu) = QL (e Bu) = eMQT
and according to Eqs (6) and (7)
F(v) = F(u) +Qq(A +Bu)xg— Qq(A+ Bu)xy = Fu)+e(QF - Ql)x, =

Fu)+e™Ql@Ql'Ql — E)x, = Fu) + e QI(QI(AdQ%O°_,) - E)x, =

F(u)+e™Ql

T
A[AdQu0,_,dox, = F(u)+ ”T(u“—)uu ~u)e
0

€ F(u)+¥ieb(u) = F(u)+ TF(D)(u) = TF(D)(u)



668 : M. V. Topunov’

ie.
F(D)c TF(D)(u)
To complete the proof is remains to show that the set F(%) has a non-empty domain.
We will demonstrate that an affine plane containing F(9) exists relative to which set () has a non-

empty interior.
We will consider the plane

M) = F(u)+1I1
As was shown above F(9) C F(u) + I1so that F(v) + I1 = F(u) + I1for any u(), v(") € 9 i.e. the plane
Muw)=IT

is correctly determined.
Suppose dimIl” = k. We will show that F(int%) is an open subset of the plane IT'.
We will choose the functions

vl(')’ 1)2('), ceny vk(') € gb
in such a way that the vectors

aF(u) oF(u) oF(u)
Tou v Ty, Vren Ju ®)

will generate the plane IT".
Consider the mapping (everywhere below i, j = 1, ... , k)

€:(epEy &) > Fu+x), = Ze, » g eR
i=1

If u(-) € int®, then the image of this mapping lies in |¢;| for sufficiently small F(int®), since & is an

open set.
Further
¢ _ 09 PN _
B_ej = EngF(u+z) = a—(‘:jﬂo(A+%(u+):))x0 =
T ,‘ B
= Qg(A +Bu+ Z))IAdQS(A +Bu+ 22))%1)]-((~))d9x0
0
whence
A F
gf - Qf (A + Bu) [AdQY(A + Bu)Bo,(0)dox, = 220y, ©)
JIE1 =6 = ... ==

Vectors (9) are linearly independent due to the linear independence of vectors (8). Consequently,
the rank of mapping € is equal to zero in k. Hence, F(u) is an mternal point of the set F(int®) by the
theorem of the inverse function.

Example. Consider the bilinear controllable system

Ji'l = (ul +u2)x1, x.z = .x3, .x.'3 = u1x3 (10)

with controls

Iui|S1, i=12
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Here
000
A=]o001/| B, = diag{1,0,1}, B, = diag{1,0,0}
000
whence
11
adAB, = 0, ad’AB, =0, [B, adAB,] =0 (

Consequently, system (10) is a system of constant rank by virtue of conditions (3).
We will introduce the notation
8

0
A = vi-u, ‘D?= exPU“i(g)d‘:} ¥ = exp[jv,-(é)d&} i=1,2
0

0

Using the equalities

100
B, = B -0[A,B1=00-8| B, =8,
001
we obtain
Aj+A,0 0
0y, = e BA+e™BA = | 0 0-6a,
0 0 A
By relations (11) we have
8,40
P, 0 0

)
Q: = 0 1 "Jéul(é)d)?dé
0

0 0 o!

whence

¥ Y]
—— 0 0
o’ o]
T 0,6 . y ‘Po
QAdR0,.) = | 0 1 —f|0a®)+a,[tu &0 |20
. ! 0 D,
\PT
0 o -
D,
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Hence Eq. (7) acquires the form of a set of equalities

T

() - up)ao = 1\5(\” 1)
1 1 = T ——7'—

0 A'(1)2 (Dl

T 1T lPG
fouu, - up@ide = 7-Je—-;Alcb‘fde
0 0 <I>2

(12)
}(l-'»z —uy)do = ,—t[ﬁ— 1]
0 o,

T ) 1T‘Pe 9
j(uz - “2)I§ul(§)¢§d§de = ijAzjgul(ﬁ)Q%d&dB
0 0 072 o

(if u = v, then Eq. (7) is trivially satisfied for A = 0 and the arbitrary function u(:) € 9).

It is easy to see that if u; = 1, then A; <0 and ¥} < ®7 and if u; = -1 then A; 20 and ¥ > @7
If u, =1, then A, < 0 and ¥ < &7 and if u, =1, then A, > 0 and w1 > @I, Thus functions ui (), ma(t),
[, [12] €1 satisfying Egs (12) will be found for any u(-), v(*), |#|, |v| £1 due to the arbitrariness
of the choice of A 2 0.

REFERENCES

. LEE, E. B. and MARKUS, L., Foundations of Optimal Control Theory. Wiley, New York, 1967.

. KRENER, A.J. and SCHATTLER, H., The structure of small-time reachable sets in low dimensions. SIAM J. Contr. Optimiz,
1989, 27, 1, 120-147.

. BRESSAN, A, Directional convexity and finite optimality conditions. J. Math. Annal. Appl., 1987, 125, 1, 234-246.

. BROCKETT, R. W,, On the reachable set for bilinear system. Lect. Notes Econ. And Math. Syst., 1975, 111, 54-63.

ANDREKYEYV, Yu. N., Differential-geometrica methods in control theory. Automatika i Telemekhamika, 1982, 10, 5-46.

VAKHRAMEYEY, S. A., Theorems of relays and related problems. Trendy Mat. Inst. Ross. Akad. Nauk. 1998, 220, 49-112.

GANTMAKHER, E. R., Matrix Theory. Nauka, Moscow, 1988.

CLARKE, F. H., Optimization and Nonsmooth Analysis. Wiley, New York, 1983.

. AUBIN, J.-P. and EKELAND, 1., Applied Nonlinear Analysis, Wiley, New York, 1984.

. VAKHRAMEYEYV, S. A,, An existence theorem for the non-linear problem of speed of response, Diff. Uraveniya, 1999, 35,
565-567.

COVXNOUEW =

—

Translated by V.S.



